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Abstract 

This is a brief survey of up-to-date results on holomorphic almost 
periodic functions and mappings in one and several complex variables, 
mainly due to the Kharkov mathematical school. 

Keywords: Almost periodic divisor, almost periodic function, Bohr 
compactification. 

While the notion of almost periodic function on R (or R m ) seems to be 
quite understood, it is not the case for holomorphic almost periodic functions 
on a strip in C (or, more generally, on a tube domain in C m ). Investigation 
of the zero sets of holomorphic almost periodic functions leads to such objects 
as almost periodic divisors and holomorphic chains. The central problem is to 
determine if a divisor (holomorphic chain) is generated by a holomorphic almost 
periodic function (mapping). Partial results in the one-dimensional situation 
([14], [15], [30], [31]) indicate that the problem is highly non-trivial. We present 
here a brief survey of recent results in this direction, together with some related 
topics, mainly due to the Kharkov mathematical school. 

Definitions and basic properties. We start with standard notions of the 
theory of almost periodic functions. 

Definition 1 A continuous mapping f from R m to a metric space X is called 
almost periodic if its orbit {%f} te '[i m is a relatively compact set in C(R m , X) 
with respect to the topology of uniform convergence on R m , where 7~ t is the 
translation by t £ R m : {%f){x) = f(x + t). 

Definition 2 A continuous mapping f from a tube domain Tq := T m + i£l = 

{z = x + iy : x £ R m , y € £1} to a metric space X is called almost periodic on 
Tq if its orbit {%f} t ^'[{ m is a relatively compact subset of C(Tq, X) with respect 
to the topology of uniform convergence on each tube subdomain Xq<, tt' CC fl. 
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We reserve the word "function" for mappings to C. Any almost periodic 
function / on Tq has its mean value 

M[f](y) = lim (2s)- m f f(x + iy)dx, yen. 

s^oo J[- 3 , s ]m 

The spectrum of / is the set 

spf = {A e R m : a x (y) := M[f(x + iy)e-^\ jk 0}, 

(a;, A) being the scalar product in R m ; this set is at most countable. Then a 
Fourier series is assigned to each function /, 

n 

in addition, if / is holomorphic on a tube domain, then 

n 

Any almost periodic function on a tube domain is uniformly approximated 
by Bochner-Fejer's sums on every subtube Tfo/, SI' CC fi: 

n 

with < (3j < 1, /3j — > 1 as j — > oo. 

The converse statement is also true: if a function f(z) is uniformly approxi- 
mated by finite sums ^ a n {y)e l ^ x ' Xn ^ (or ^ a„e^ z,A "^) on every tube subdomain 
Tq', 0' CC 0, then /(z) is almost periodic (holomorphic almost periodic) on 
To. 

All this can be extended to more general objects (namely, to distributions), 
see [28], [25]. Here we will use the following notion. 

Definition 3 A complex-valued measure g on Tn is called almost periodic if for 
every continuous function ip compactly supported in Tq, the action of g on T t (p, 

g v (t) := J T t <pdg, 

is an almost periodic function in t € R m . 

Let us remark that the spectrum of g is the union of the spectra of g v over all 
functions tp. 

Since every holomorphic almost periodic function on a tube domain Tq has 
a unique extension to the convex hull of the tube, the base will be always 
assumed to be convex. 
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Zeros of almost periodic functions. It was proved in [21] that the 
function log \f(z)\ is almost periodic, in the sense of distributions, for any holo- 
morphic almost periodic function / on a tube domain. Therefore, the divisor 
df of such a function / is almost periodic in the sense of distributions. This 
means that the current 

d Bio g i/oi =E ° 2 ^y )1 ^- * 

is almost periodic, i.e., all the terms in this sum (that are always complex- valued 
measures) are almost periodic. Note that, on the other hand, almost periodicity 
of this current does not imply that the function / itself is almost periodic. 

For m = 1, the divisor df of a holomorphic function / on an open strip 
S = Tr a j)\ is a positive discrete measure on 5*. Its mass at each point a equals 
the multiplicity k(a) of the zero of the function / at this point. The divisor is 
almost periodic whenever the convolution 

E k(a n )x(a n +t) 

a n € supp df 

is an almost periodic function in the variable t e R for every function \ & C(S) 
with suppx CC S. When m > 1, almost periodicity of the divisor df of a 
function / holomorphic in Tq means that the function 

/ k(a)x(a + t) 
Jz f 

is almost periodic in i e R m for any form \ °f bidegree (m — l,m — 1) with 
continuous coefficients compactly supported in Th; here Zf is the zero set of /. 

Theorem 1 ([11], [12]). If the trace measure 

' a 2 log|/(z)| 



E 



dz k dzk 

is almost periodic, then so is the divisor df. 



Jessen's function. Since log|/| is almost periodic (in the sense of distri- 
butions), there exists the mean value [log |/|] . The function 

J f (y) :=M[log|/|](y) 

is called Jessen's function of /. It is convex in y £ Q and generates the Riesz 
measure 

j 
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Theorem 2 ([21]). Let Vf(£lo,s), Oo CC fl, be the volume of the zero set of 
f(z) inside the set {z : x G [—s, s] m , y G Oo}- Then 

km (2 S )- m V f (n ,s) = ^Vj(n ) 

for every flo CC with /j,j(dQo) = 0. Furthermore, ^j(flo) = (i.e., Jf(y) is 
linear on flo ) if and only if f(z) ^ on Tq q . 

For m = 1, the result was proved in [14]. Moreover, that seminal work 
contains a necessary and sufficient (albeit quite sophisticated) condition for a 
function to be Jessen's function of an almost periodic holomorphic function on a 
strip. As a consequence, every convex and piece- wise linear function is Jessen's; 
when the spectrum of / is a subset of some free countable additive subgroup of 
R, the number of linearity components for Jf is locally finite. 

The first statement is no longer true for to > 1: 

Theorem 3 ([23]). A convex piece-wise linear function J(y) on is Jessen's 
function of an almost periodic holomorphic function f on Tq if and only if it 
has the form 

UJ 

3=1 

where w < oo, > 0, Xj G R m , hj G R; in this case, 

LO 

/w=n/ J -(^" (i) >-^). 

3 = 1 

fj being entire almost periodic functions on C with real zeros. 

No complete description of Jessen's functions is known in general situation. 
Some necessary condition is given in [5], which implies 

Theorem 4 ([5]; for the case of sections of periodic divisors, sec [27]). If the 

spectrum of f is a subset of some free countable additive subgroup o/R m ; then 
the number of connected components of the set Q' \ supp^j f (linearity compo- 
nents) is finite for each f2' CC fi. 

The assertion is false in the class of holomorphic almost periodic functions 
with arbitrary spectrum. 

Almost periodic divisors. There exist almost periodic divisors which 
cannot be generated by holomorphic almost periodic functions (for m = 1, 
see [31]; for to > 1, see [26]). This invokes the problem of characterization 
for divisors of almost periodic holomorphic functions. The first steps in this 
direction were the following results. 
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Theorem 5 ([30]). A skew- symmetric N x N -matrix Md with integer entries 
can be assigned to each almost periodic divisor d on a strip with the spectrum in 
Linz{Ai, . . . , Aat} ; Ai, . . . , Xn G R, such that d is the divisor of a holomorphic 
almost periodic function on the strip if and only if Md = 0. 

Theorem 6 ([24]) A skew- symmetric N x N -matrix M D with integer entries 
can be assigned to each N -periodic (with real periods) divisor D on a tube such 
that D is the divisor of a holomorphic N -periodic function on the tube if and 
only if Md = 0. 

The both matrices Md and Mjj arc generated by means of the increments of 
log<& for certain functions <& constructed from d and D, respectively. A relation 
between these two theorems is given by 

Theorem 7 ([26]) Let d be a section of an N -periodic divisor D. Then d is 
almost periodic; moreover, d is the divisor of some holomorphic almost periodic 
function if and only if D is the divisor of some holomorphic N -periodic function. 

In order to give a complete description of divisors for almost periodic holo- 
morphic functions, we need the following notion. 

Definition 4 Bohr's compact set K is the compactification o/R m with respect 
to the topology generated by the sets 

{x G R m : | e ^ x '«> - e^ '^! < 5, 1 < k < N} 

over all x G R"\ 5 > 0, N < oo, m, . . . , fj, N G R m . 

We will consider functions on the "Bohr's tubes" Kq := K + itt, so we need 
a definition of a function holomorphic on Kq: 

Definition 5 A continuous function f(r + iy) is holomorphic on an open set 
lo C Kq, if the function T x f(r + iy) is a smooth function ofx,y£ R m for small 
x and 

d 

-^-%f{r + iy) \ x=0 = 0, k = l,...,m, 

for all t + iy G ui. 

It is well known that almost periodic functions on R™ 1 are just the restrictions 
of continuous functions on K. The corresponding results for holomorphic almost 
periodic functions and almost periodic divisors in tube domain follow. 

Proposition 1 ([6]). Holomorphic almost periodic functions on To are just the 
restictions to Tq of holomorphic functions on Kq . 
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Proposition 2 ([6]). For any almost periodic divisor d on Xh and any point 
to +iyo £ Ka, there exists a function r(r + iy), holomorphic on a neighborhood 
lo of to + iyo, with the following property: for each x\ + iy\ G u) (~l Tq, the 
restriction of d to some ball in Tq with center in x\ + iyi coincides with the 
divisor of the restriction ofr(x + iy) to this ball; the function r(r + iy) is unique 
up to a holomorphic factor without zeros on lo. 

Note that for the divisor of a holomorphic almost periodic function f(z) we 
can take r(r + iy) = /(r + iy); on the other hand, if the function r(r + iy) from 
the proposition is well-defined on the whole set K x fi, then d is the divisor of 
the holomorphic almost periodic function r(x + iy). Using the notion of bundle, 
we obtain the following result. 

Theorem 8 ([6]). A line bundle Td over Kq corresponds to each almost pe- 
riodic divisor d on the tube Tq such that trivial bundles correspond just to the 
divisors of almost periodic holomorphic functions. 

It can be proved that the bundle Td is trivial if and only if the first Chern 
class of the restriction of the bundle to the base K + iy is trivial. Thus 

Theorem 9 ([4] for m = 1, [6] for m > 1). A cohomology class c(d) G H 2 (K, Z) 
is assigned to each almost periodic divisor d on Tq such that the trivial class 
corresponds just to all the divisors of holomorphic almost periodic functions on 
Tji . In addition, c(d) is a homomorphism of the semigroup of all almost periodic 
divisors to H 2 (K, Z). 

When considering only divisors with spectrum in Linz{Ai, . . . , Ajv} and the 
vectors Ai,. .. , Ajv G R" 1 linearly independent over Z, Bohr's compact set K 
in Theorems 8 and 9 can be replaced by the ./V-dimensional torus T N . The 
group H 2 (T N , Z) coincides with the group of all skew-symmetric N x N- matrix 
with integer entries, so this particular case of Theorem 9 is a multidimensional 
version of Theorem 5. 

Theorem 9 allows to obtain the following sufficient conditions. 

Theorem 10 ([4] for m — 1, [6] for m > 1). // the restriction of an almost 
periodic divisor d on a tube Tq to some tube Tqi , tt' C 0, is the divisor of 
a holomorphic almost periodic function f on Tq> , then d is the divisor of a 
holomorphic almost periodic function f\ on Tq ■ 

Corollary 1 ([10] for m = 1, [6] for m > 1). // the projection of the support d 
to is not dense in Cl, then d is the divisor of a holomorphic almost periodic 
function f on To. 

Theorem 11 ([10] for m = 1, [6] for m > 1). // an almost periodic divisor 
d is invariant with respect to the map y i— > — y, then d is the divisor of some 
holomorphic almost periodic function. 
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It is not hard to prove that the spectrum df for an almost periodic holomor- 
phic / is contained in the minimal additive group G(sp/) containing sp/. The 
converse statement is also true: 

Theorem 12 ([4] for m = 1, [6] for m > 1). If d is the divisor of a holomorphic 
almost periodic function f , then d is the divisor of some holomorphic almost 
periodic function fx with spectrum in G(spd). 

There exists a convenient representation for the classes c(d). Let g(() be an 
entire function on C with simple zeros at all points with integer coordinates. 
Given A, /j G R m , denote by A Aq /i the Chern class of the divisor d x ^ of the 
function 

g x ^(z) :=g((z,\)+i{z,fi}), z G C m ; 

it can be proved that Aq is an inner product over Q. Furthermore, if A, fi 
are linearly independent over R, then d x ^ is periodic, and if A, /i are linearly 
dependent over R and independent over Q, then d X ' hl is almost periodic. 

Theorem 13 ([6]). For any almost periodic divisor d ohTq there exists a finite 
number of the standard divisors d Xk ^ k , k — 1, . . . ,n, such that 

c(d) = Ai Aq fii + . . . + A„ Aq [l n . 

In addition, the divisor 

k 

is the divisor of a holomorphic almost periodic function on Tq; when m > 1, all 
the divisors d hlk ' Xk can be taken periodic. 

Almost periodic holomorphic mappings into affine space. A holo- 
morphic mapping / from a tube domain into C q , q > 1, is almost periodic if 
all its components fj, 1 < j < q, are holomorphic almost periodic functions. It 
turns out that the zero set of such a mapping (more precisely, the corresponding 
holomorphic chain) need not be almost periodic [12]. The nature of this phe- 
nomenon is that the codimcnsion of the zero set can drop at infinity. This leads 
to consideration of the so-called regular almost periodic holomorphic mappings 
introduced in [22]: 

Definition 6 A holomorphic almost periodic mapping f : Tq — > C q , q < m, 
is said to be regular if the dimension of the zero set of each mapping from the 
closure of the orbit {^t/} t6 R m of f is at most m — q. 

A sufficient condition, in terms of spectrum, for a mapping to be regular [22] 
shows that such mappings are, in a sense, 'generic' almost periodic mappings. 

The zero set of / can be represented by means of the Monge- Ampere current 
(idd log l/l) 9 , and an application of the machinery of Monge- Ampere operators 
gives 
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Theorem 14 ([11], [12]). The zero set of any regular almost periodic holomor- 
phic mapping is almost periodic. 

As a result, the zero set has a density fif which is a non- negative measure 
on SI. On the other hand, since the function log|/| is almost periodic (in the 
sense of distributions) for every almost periodic holomorphic mapping /, one 
can also define Jessen's function Jf = _M[log |/|], which is convex on SI (see 
[17], [18]). Nevertheless, there is no direct analog to Theorem 2: there exists a 
regular mapping with no zeros on To such that the real Monge- Ampere measure 
of Jf is strictly positive [19]. Besides, Jessen's functions of regular mappings 
have the following rigidity: if J/ is linear on some open set w C SI, then Jf is 
linear everywhere (see [18], [19]). 

A more satisfactory result can be obtained in terms of Jessen's functions 
of the components of the mappings. Namely, for a wide subclass of regular 
mappings to C q , q < m (namely, for mappings with independent components), 
the support of the real mixed Monge- Ampere measure of Jf 1 , . . . , Jf q coincides 
with the union of the supports of n g over all g(z) — (fi(z + s 1 ), . . . , f q (z + s q )), 
s k E C m (see [20]). A sufficient condition for a mapping to have independent 
components (in terms of the spectra of the components) is given in [20]; the 
condition means that the spectra are in general position, so such mappings are 
still 'generic'. 

Note that, similar to Theorem 1, almost periodicity of any holomorphic chain 
Z of pure dimension q is equivalent to almost periodicity of its trace measure 
ZA {idd\z\ 2 ) m -i ([11], [12]). 

Almost periodic meromorphic functions and mappings into pro- 
jective space. Let F = {fo{ z ) fq{z)) be a holomorphic almost periodic 
mapping of a tube To C C m to the projective space CP 9 equipped with the 
Fubini-Study metric. Note that the functions fo(z), . ■ ■ , f q (z) are not uniquely 
defined, but their zeros ("coordinate divisors") are well-defined; we will suppose 
that each function is not identically zero. 

In the particular case q = 1 this gives the class of meromorphic almost 
periodic functions; for m = q = 1 the class was introduced in [29]. Note that 
this class is not closed with respect to either multiplication or addition. 

Theorem 15 ([7] for m = 1, [6] for m > 1). The product of two meromorphic 
almost periodic functions is almost periodic if and only if the zeros and poles of 
the product are uniformly separated in Tqi for any SI' CC SI. 

Theorem 16 ([7] for m = q = 1, [16] for m = 1, q > 1, [6] for m > 1, q > 1). 

There exists a holomorphic almost periodic mapping from a tube To C C m to 
CP q with given coordinate divisors do,...,d q if and only if 

A ) all the divisors do, ■ ■ ■ , d q are almost periodic, 

B) all the divisors do,...,d q have the same Chern class, 
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C) for any fl' CC Q, every ball with center in Tq> and radius r(Cl') intersects 
at most q supports of the divisors di, I — 0, ... ,q. 

The mapping can be represented by holomorphic almost periodic functions 
fo(z), . . . , fq(z) without common zeros if and only if all the divisors do, ■ ■ ■ , d q 
have the trivial Chern class. 

Holomorphic functions with almost periodic modulus. A complete 
description for almost periodic divisors on a strip, in terms of holomorphic 
functions, is given in the following theorem. 

Theorem 17 ([10]) A divisor d on a strip S is almost periodic if and only if 
there exists a holomorphic function f such that df — d and \f(z)\ is an almost 
periodic function on S. 

It follows from [22] that if a function /, holomorphic on a tube To C C m , 
has almost periodic modulus, then its divisor is almost periodic and the matrix 

M f := (lmM[d 2 log\f\/dz k d Zl ])™ k=1 

is zero (since the measures d 2 log \f\/dzkdzi are almost periodic, all the mean 
values exist). 

The matrix Mf depends only on the Chern class c(d) of the divisor d. More- 
over, if the divisors d and do have the same Chern class and d is the divisor 
of a holomorphic function / with almost periodic modulus, then do is the divi- 
sor of some holomorphic function /o with almost periodic modulus, too. Using 
Theorem 13, we get the following result. 

Theorem 18 ([6]) If d is an almost periodic divisor in Tq and the matrix Mf 
is zero for some f with df = d, then d is the divisor of a holomorphic function 
fi whose modulus is almost periodic in To . 

Almost periodicity of slices. It is well-known that a function, holomor- 
phic and bounded on a strip S, is almost periodic in S if it is almost periodic 
on at least one straight line in S. In [32] , [33] this result was extended to holo- 
morphic almost periodic functions in tube domains; besides the usual uniform 
metric, the integral Stepanoff 's, Weyl's, and Besicovich's metrics were examined 
as well. 

Such a criterion is not true for meromorphic functions in a strip (which are 
bounded as mappings to CP). The following theorem is valid instead. 

Theorem 19 ([8]) Let F(z) be a holomorphic mapping from a tube domain To 
to a compact complex manifold, uniformly continuous on every domain with 
fl' CC SI. If F(z) is almost periodic on some hyperplane R m + iy C To, then 
F(z) is almost periodic on To. 
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Almost periodic solutions of functional equations. It is easy to see 
that a continuous solution of the equation w 2 = f(t) with an almost periodic 
(nonnegative) function f(t) need not be almost periodic. Nevertheless, the 
following theorem is true. 

Theorem 20 ([3] for m = 1, [2] for m > 1). Let w{z) be a continuous solution 
of the equation 

a„(z)w n + a n -i(z)w n ^ 1 + . . . + a\{z)w + aa(z) = 

on a tube domain Tq C C m with holomorphic almost periodic functions 
ao(z), . . . , a n (z). Then w(z) is holomorphic almost periodic, too. 

In [1] this theorem was extended to solutions of F(z,w) = with F holo- 
morphic, almost periodic in z and such that the mapping (F(z, w), F( u (z, w)) is 
regular in the sense of Definition 6. 

Almost periodic functions with spectrum in a cone. H. Bohr proved 
that an almost periodic function / on the real axis has nonnegative spectrum 
if and only if the function / extends to the upper half-plane as a bounded 
holomorphic function; next, the spectrum of an almost periodic function is 
bounded if and only if this function extends to the complex plane as an entire 
function of exponential growth. 

The following theorems generalize Bohr's results to functions of several vari- 
ables. 

Theorem 21 ([13]). In order that an almost periodic function f on R m have 
spectrum in a convex cone T C R m ; it is necessary and sufficient that f extends 
to the tube domain Xp as a holomorphic function, bounded in every tube domain 
T T >. 

Here 

f = {y e R m : (y, m) > for all fi <ET} 
is the conjugate cone to T, and V is an internal subcone of F. 

Theorem 22 ([13]). In order that an almost periodic function f on R m have 
bounded spectrum, it is necessary and sufficient that f extends to C m as an 
entire function of the growth at most C exp6|z|. Moreover, 

sup limsup - log \f(x + iry)\ = sup (— y, A). 

Theorems 21 and 22 are also valid for integral Stepanoff's metric instead of 
the usual uniform one. 
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